Abstract-Effective employment of piezoelectric actuators in microscale dynamic trajectory-tracking applications is limited by two factors: 1) the intrinsic hysteretic behavior of piezoelectric ceramic and 2) structural vibration as a result of the actuator's own mass, stiffness, and damping properties. While hysteresis is rate-independent, structural vibration increases as the piezoelectric actuator is driven closer to its resonant frequency. Instead of separately modeling the two interacting dynamic effects, this work treats their combined effect phenomenologically and proposes a rate-dependent modified Prandtl-Ishlinskii operator to account for the hysteretic nonlinearity of a piezoelectric actuator at varying actuation frequency. It is shown experimentally that the relationship between the slope of the hysteretic loading curve and the rate of control input can be modeled by a linear function up to a driving frequency of 40 Hz.
I. INTRODUCTION
A PIEZOELECTRIC ceramic is an excellent choice as a micropositioning actuator because of its ultrafine resolution, high output force, and fast response time. However, effective employment of piezoelectric actuators in microscale dynamic trajectory-tracking applications is limited by two factors: 1) the intrinsic hysteretic behavior of piezoelectric material and 2) structural vibration as a result of the actuator's mass, stiffness, and damping properties.
The formation theory of hysteresis [1] and its complex multipath looping behavior in piezoelectric material [2] have been well documented. This highly nonlinear hysteresis complicates the control of piezoelectric actuators in high-precision applications. The maximum hysteretic error is typically about 15% in static positioning applications. Still worse, this inaccuracy is compounded with positioning errors caused by structural vibrations at higher driving frequency [3] . The resultant effect of this dynamic interaction is evident in Fig. 1 , where the hysteretic loop becomes larger as the driving frequency increases. Current research in hysteresis modeling and compensation can be broadly classified into three categories: 1) electric charge control; 2) closed-loop displacement control; and 3) linear control with feedforward inverse hysteresis model. The first category exploits the fact that the relationship between the deformation of a piezoceramic and the induced charge has significantly less hysteresis than that between deformation and applied voltage [4] , [5] . However, this approach requires specialized equipment to measure and amplify the induced charge, which inevitably reduces the responsiveness of the actuator. There has been little or no discussion on the effectiveness of this method in trajectory tracking at higher frequency, where the rate-dependent structural vibration comes into play.
Most commercial systems (e.g., Polytec PI, Inc., Dynamic Structures and Materials, LLC, Melles Griot, Inc., Michigan Aerospace Corporation) fall into the second category, normally using strain gauges (most common), capacitive sensors, or optical sensors as the feedback sensors. These systems can achieve nanoscale positioning precision but are generally more suitable for static positioning applications. When driven to track a 12.5-µm p-p sinusoid at 10 Hz, the Polytec PI NanoCube exhibits a system response that resembles that of a low-pass filter, i.e., diminishing magnitude gain with frequency increment and with the response phase lagging the control input. The effect of hysteresis remains evident and the closed-loop controller manages tracking of maximum error and rms error of 7.8 (62.4% of p-p amplitude) and 3.1 µm (24.8%), respectively.
Other proposed closed-loop schemes to treat hysteresis include linearizing the hysteretic nonlinearity [6] , using adaptive control with an approximate model of the hysteresis [7] , training a neural network to learn the nonlinearity [8] , or a combination of neural network with adaptive control [9] . These control schemes are not suitable for more dynamic tracking scenarios, because of the intrinsic stability problem with high feedback gains [10] , [11] .
The main idea of the third category is to obtain a mathematical model that closely describes the complex hysteretic behavior and then, to implement an inverse feedforward controller based on the inverse hysteresis model to linearize the actuator response.
Among the proposed hysteresis models, e.g., the Maxwell's slip model [12] , the Duhem model [13] , and polynomial approximation [3] , [14] , the Preisach model [15] - [17] and its variations [18] are by far the most well known and widely used in both closed-loop [16] , [17] and open-loop [18] systems. However, most of these methods do not work for nonstationary sinusoids because of the intrinsic properties of the classical Preisach model [16] . Another important subclass of the Preisach model is the Prandtl-Ishlinskii (PI) model [19] - [21] . The main advantages of the PI operator over the classical Preisach operator are that it is simpler and its inverse can be computed analytically, thus making it more attractive for real-time applications [19] .
One convenient approach to reduce the position errors caused by structural vibration is to keep operating frequency further from the actuator's resonant frequency by using actuators with either larger mass or shorter piezotubes [22] . Feedback control schemes have also shown some improvement in the dynamic response, but the tradeoff would be the inevitable system instability at high feedback gains [10] , [11] .
The dynamic interaction between the structural vibration and hysteresis, as appeared in some literatures, is due to the rate-dependence property of the piezoelectric ceramic hystersis [23] , [24] . On the other hand, Croft and Devasia [3] treat the phenomenon as a superimposition of rate-independent hysteresis and rate-dependent piezo-system dynamics. An open-loop control scheme is implemented with feedforward inverse hysteresis model and inverse piezodynamic model. Hysteresis is modeled by a third-order polynomial while the piezodynamics up to 1 kHz is modeled by a fourth-order transfer function with the aid of a dynamic signal analyzer. Instead of separately modeling the two interacting dynamic effects, we treat their combined effect phenomenologically and propose a rate-dependent modified PI operator to account for the hysteretic nonlinearity and errors caused by structural vibrations of a piezoelectric actuator at varying actuation frequency [25] . We show experimentally that the slope of the hysteresis loading curve is linearly dependent on the rate of the control input. We implement an open-loop inverse feedforward controller based on the ratedependent modified PI hysteresis model and compare the experimental results with the rate-independent case. A discussion on the significance of the result and the model limitations is also presented.
While a well-implemented feedback controller may have a better tracking accuracy than a feedforward open-loop controller, it introduces a phase-lag between the driving function and the plant response. In real-time trajectory-tracking applications, such as active noise or vibration compensation, this inevitable phase shift would cause a larger tracking error than that resulted from feedforward model inaccuracies, especially at higher frequencies where the phase-lag is more significant.
II. PI HYSTERESIS MODEL

A. PI Operator
The elementary operator in the PI hysteresis model is a rateindependent backlash operator. It is commonly used in the modeling of backlash between gears with one degree of freedom. A backlash operator is defined by
where x is the control input, y is the actuator response, r is the control input threshold value or the magnitude of the backlash, and T is the sampling period. The initial consistency condition of (1) is given by
where y 0 ∈ , and is usually but not necessarily initialized to 0. Multiplying the backlash operator H by a weight value w h , we have the generalized backlash operator
The weight w h defines the gain of the backlash operator (w h = y/x; hence, w h = 1 represents a 45
• slope) and may be viewed as the gear ratio in an analogy of mechanical play between gears, as shown in Fig. 2 .
Complex hysteretic nonlinearity can be modeled by a linearly weighted superposition of many backlash operators with different threshold and weight values
with weight vector
T with the threshold vector Equation (4) is the PI hysteresis operator in its threshold discrete form. The hysteresis model formed by the PI operator is characterized by the initial loading curve (see Fig. 3 ). It is a special branch traversed by (4) when driven by a monotonically increasing control input with its state initialized to zero (i.e., y(0) = 0). The initial loading curve is defined by the weight values
The slope of the piecewise-linear curve at interval i is defined by W hi , the sum of the weights up to i, as
The subsequent trajectory of the PI operator beyond the initial loading curve with nonnegative control input is shown as the dotted loop in Fig. 3 . The hysteresis loop formed by the PI operator does not return to zero with the control input. This behavior of the PI operator closely resembles the hysteresis of a piezoelectric actuator. The backlash operators cause each of the piecewise linear segments to have a threshold width of 2r beyond the initial loading curve. As such, there is no need to define any backlash operator beyond the midpoint of the control input range, i.e., r n ≤ 1/2 max {control input}. This also implies that the backlash operators have descending importance from the first to the last, since the first operator is always used and the subsequent operators are only used when the control inputs go beyond their respective threshold values r i . Moreover, observations from the piezoelectric hysteretic curves suggest that more drastic changes in the slope occur after the turning points, i.e., in the region of the first few backlash operators. To strike a balance between model accuracy and complexity, we propose to importance-sample the threshold intervals → r , i.e., to have finer intervals for the first few backlash operators and increasing intervals for the subsequent ones. The tradeoffs of choosing different threshold intervals will be discussed further in Section VI.
B. Modified PI Operator
The PI operator inherits the symmetry property of the backlash operator at about the center point of the loop formed by the operator. The fact that most real actuator hysteretic loops are not symmetric weakens the model accuracy of the PI operator. To overcome this overly restrictive property, a saturation operator is combined in series with the hysteresis operator. A saturation operator is a weighted linear superposition of linearstop or one-sided dead-zone operators. A dead-zone operator is a nonconvex, asymmetrical, memory-free nonlinear operator (Fig. 4) .
A one-sided dead-zone operator and a saturation operator are given by
where y is the output of the hysteresis operator, z is the actuator response,
T with the threshold vector The modified PI operator is thus
C. Parameter Identification
To find the hysteresis model parameters, we first have to measure experimentally the responses of the piezoelectric actuator to periodic control inputs. A good set of identification data is one that covers the entire operational actuation range of the piezoelectric actuator at the nominal operating frequency. Next, we decide the order of the PI operator (n) and the saturation operator (m), and set the threshold values Fig. 5 shows superposition of the identified modified PI hysteresis model on the measured piezoelectric actuator response, subjected to a sinusoidal control input.
D. Inverse Modified PI Operator
The key idea of an inverse feedforward controller is to cascade the inverse hysteresis operator Γ −1 with the actual hysteresis, which is represented by the hysteresis operator Γ, to obtain an identity mapping between the desired actuator outputẑ(t) and actuator response z(t) as
The operation of the inverse feedforward controller is depicted in Fig. 6 .
The inverse of a PI operator is also of the PI type. The inverse PI operator is given by
where the inverse modified PI parameters can be found by
w hj y 0j , i= 1 . . . n (13)
Graphically, to compute the inverse is to find the reflection of the resultant hysteresis looping curves about the 45
• line as shown in Fig. 7 .
III. RATE-DEPENDENT PI HYSTERESIS MODEL
A. Rate-Dependent Hysteresis Slope
We propose in this section, an extension to the modified PI operator to also model the rate-dependent characteristics of the piezoelectric hysteresis.
One of the advantages of the PI hysteresis model is that it is purely phenomenological; there are no direct relationships between the modeling parameters and the physics of the hysteresis. Therefore, we model the rate-dependent hysteresis with reference only to the experimental observations. While the rate dependence of hysteresis is evident from Fig. 1 , the sensitivity of actuator saturation to the actuation rate is not apparent. Hence, we assume that saturation is not rate dependent and hold the saturation weights → w s as well as the threshold values → r and → d constant while attempting to construct a relationship between hysteresis and the rate of actuationẋ(t). We model the slope of the hysteresis curve (i.e., sum of the PI weights) at time t as the sum of the referenced hysteresis slope and a rate-dependent function as
Equation (15) will be reduced to the referenced hysteresis slopeŴ hi or to the rate-independent case, if the rate-dependent term is zero.
B. Rate-Dependent Model Identification
The response of a piezoelectric actuator subjected to periodic constant-rate or sawtooth control inputs is first measured. Measurements are made over a frequency band, whose equivalent rate values cover the entire operational range of the actuation rates. For example, in an application tracking sinusoids of up Fig. 6 . Inverse feedforward controller. Given a desired periodic actuator outputẑ(t), the inverse modified PI operator Γ −1 transforms it into a control input x(t), which produces a response z(t) in the hysteretic system that closely resemblesẑ(t). This produces an equivalent control system with identity mapping between the desired output and the actual actuator response. to 12.5-µm p-p in the band of 1-19 Hz, the operational range of the actuation rate is from 0 to 746 µm/s, which corresponds to the rate of 12.5-µm p-p sawtooth waveforms of up to about 60 Hz. PI parameter identification is then performed on each set of measured actuator responses.
The sum of the hysteresis weights W hi , i = 0 . . . n, of each identification is plotted against the actuation rateẋ(t) in Fig. 8 .
We observe that the hysteresis slope of the piezoelectric actuator varies linearly with the actuation rate. Thus the ratedependent hysteresis slope model would be
where c i is the slope of the best fit line through the W hi , and the referenced slope W hi is the intercept of the best fit line with the vertical W h axis or the slope at zero actuation. The individual rate-dependent hysteresis weight values can be calculated from
C. Rate-Dependent Modified PI Operator
The rate-dependent modified PI operator is defined by
The inverse rate-dependent modified PI operator is also of the PI type
The inverse rate-dependent parameters can be found by (13) , replacing → w h with the rate-dependent → w h (ẋ), as (21) , shown at the bottom of the page.
IV. MODEL IDENTIFICATION EXPERIMENTS
Open-loop controllers with feedforward inverse rateindependent and rate-dependent modified PI models are to be implemented on a P-885.50 piezoelectric stack actuator (Polytec PI, Inc., Karlsruhe, Germany), which measures 5 mm × 5 mm × 18 mm. The piezoelectric actuator is controlled by a Pentium computer via a digital-to-analog converter (DAC) sampled at 1 kHz and a power amplifier with 20X gain. The displacement of the piezoelectric actuator is measured by an infrared interferometer (Philtec, Inc., Model D63) sampled and recorded at 1 kHz via an analog-to-digital conveter (ADC). The measurement noise of the interferometer is 0.03-µm rms.
The modeling experiments are performed under no load or free actuating condition, i.e., only the dynamics of the piezoelectric actuator is modeled. It should be noted that when the actuators are to be used in a positioning system, modeling should be performed as a complete piezosystem with the actuation mechanism and load, in order to capture the full system dynamics. The vicinity of the experiment setup is well ventilated and is regulated at 21
• C. The rate-independent model uses a PI operator of order 9 (n = 9, i.e., ten backlash operators) and a saturation operator of order 3 (m = 3, i.e., four dead-zone operators). These parameters are selected by an iterative process, whereby the order of the operators is systematically increased until the modeling performance improvement becomes insignificant (< 1% in our case). The PI thresholds T . The identification of the PI and saturation weights is based on the measured response of the piezoelectric actuators to a 10-Hz, 12.5-µm p-p sinusoidal control input. A 5-s motion sequence or 5000 data points are used for the identification. There is no compelling reason for choice of 10 Hz as the base frequency, except to be consistent with the operating condition of the application to be presented in Section VII.
The rate-dependent model uses the same order of modified PI operator and saturation operator, i.e., n = 9 and m = 3. Importance-sampled PI thresholds are used, with T . Identification of PI parameters is performed on the measured actuator response subjected to 12.5-µm p-p sawtooth control input at intervals of 0.1 Hz in TABLE I  MEASURED PERFORMANCE OF THE RATE-INDEPENDENT AND  RATE-DEPENDENT INVERSE FEEDFORWARD CONTROLLERS IN TRACKING 12.5-µM P-P STATIONARY SINUSOIDS the band of 0.1-5.0 Hz, and at intervals of 1 Hz in the band of 5-40 Hz. Since we assume the actuator saturation is rateindependent, the same saturation thresholds and weights of the rate-independent model are used.
V. MOTION TRACKING EXPERIMENTS
Two motion tracking experiments are performed with the same setup and under the same conditions as described in Section IV. The first experiment compares the performance of the rate-independent and rate-dependent modified PI models based open-loop feedforward controllers in tracking a 10-Hz, 12.5-µm p-p stationary sinusoid. The experiment is repeated to track 12.5-µm p-p stationary sinusoids at 1, 4, 7, 13, 16, and 19 Hz. The tracking rms error and maximum error of the controllers at each frequency is summarized in Table I and plotted in Fig. 9 . Fig. 10(a) plots the hysteretic response of the piezoelectric actuator with a proportional controller. Fig. 10(b)-(c) show the tracking results of the rate-independent and rate-dependent inverse feedforward controllers.
The second experiment compares the performance of the controllers in tracking a multifrequency, nonstationary, and dynamic motion profile. The motion profile is made up of superimposed modulated 1-, 10-, and 19-Hz sinusoids with time-varying Fig. 9 . Maximum errors and rms errors of the rate-independent and ratedependent controllers in tracking 12.5-µm p-p stationary sinusoids at different frequencies. The rate-independent controller is based on the modified PI hysteresis model identified at the same 10-Hz, 12.5-µm p-p sinusoid.
amplitudes. The graphical and numerical results are shown in Fig. 11 and Table II , respectively.
VI. DISCUSSION
In the first experiment, tracking 12.5-µm p-p stationary sinusoids, both the rate-independent and rate-dependent controllers significantly reduced the tracking error due to the hysteretic nonlinearity of the piezoelectric actuator. On an average, the rateindependent controller reduces the tracking rms error and maximum error by 81.7% and 74.4%, respectively in the band of 1-19 Hz. The best performance occurs at 10 Hz, in which its modified PI hysteresis model parameters are identified. The tracking accuracy deteriorates as the tracking frequency deviates from 10 Hz. The rate-dependent controller outperforms its rate-independent counterpart with tracking rms error and maximum error reduction of 85.6% and 77.2%, respectively. The tracking accuracy remains consistent across the entire 1-19-Hz band. At 19 Hz, the tracking rms error of the rate-independent controller is almost double that of the rate-dependent controller, and will continue to worsen as the frequency increases. Maximum tracking errors for both controllers occur in the transient phase at the beginning of the test.
In the second experiment, tracking a multifrequency (1, 10, and 19 Hz) nonstationary motion profile, similar results are observed. Both the controllers continue to perform well, the rateindependent controller reducing the rms error and maximum error by 69.6% and 53.4%, and the rate-dependent controller doing noticeably better at 85.3% and 69.1%, respectively.
The rate-dependent controller registers a tracking rms error less than half of that of the rate-independent controller. Maximum tracking errors for both the controllers again occur in the transient phase at the beginning of the test. This could be the reason why the improvement in maximum error with the ratedependent controller is not as large as the improvement in rms error. One limitation of all PI-type hysteresis models is that singularity occurs when the first PI weight w h0 is zero; the inverse weight w h0 then becomes undefined [refer to (13) and (21)]. Also, when the slope is negative, the inverse hysteresis loading curve violates the fundamental assumption that it should be monotonically increasing, and since the one-to-one mapping relationship between the direct and the inverse model is lost, the PI operator breaks down. Singularities occur more easily at higher frequency, where the hysteresis loop gets larger and is more rounded at the turning points. For a given piezoelectric actuator, the singular frequency of a PI model depends on the choice of the thresholds → r . Choosing a larger first interval r 1 can raise the singularity frequency, but the tradeoff would be poorer modeling accuracy at the turning points. The singularity of our implementation for tracking 12.5-µm p-p sinusoids occurs at around 40 Hz.
Despite this shortcoming, for applications that do not require very high actuation frequency, the proposed method offers an alternative to [3] to account for hysteresis and structural vibrations of piezoelectric actuators with a simpler experimental setup, a less complex model, and comparable performance that is well suited for real-time implementation. Future work will focus on overcoming the intrinsic singularity imposed by the PI operator to cater to higher actuation frequency.
Creep is not modeled here because its effect is negligible for periodic excitation with frequency higher than 1 Hz. If quasistatic tracking is desired, since the rate-dependent model and its inverse are also of the PI type, the creep model proposed by Krejci and Kuhnen [20] can be incorporated.
VII. CONCLUSION
Errors caused by the dynamic interaction between hysteretic nonlinearity and structural vibrations of a piezoelectric actuator limit its effectiveness in higher frequency dynamic trajectorytracking applications. We have presented a rate-dependent modified PI model to account for this dynamic behavior. The proposed method uses a linear function to model the relationship between the slopes of the hysteretic loading curve and the actuation rate. An open-loop inverse feedforward controller, based on the rate-dependent modified PI model, is implemented on a piezoelectric actuator. Experimental results have shown that the proposed rate-dependent controller consistently outperforms its rate-independent counterpart in tracking dynamic motion profiles.
